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ON THE COHOMOLOGY OF ARTIN GROUPS IN LOCAL
SYSTEMS AND THE ASSOCIATED MILNOR FIBER
FILIPPO CALLEGARO
Abstrat. Let W be a nite irreduible Coxeter group and let XW be
the lassifying spae for GW , the assoiated Artin group. If A is a om-
mutative unitary ring, we onsider the two loal systems Lq and L
′
q over
XW , respetively over the modules A[q, q
−1] and A[[q, q−1]], given by
sending eah standard generator of GW into the automorphism given by
the multipliation by q. We show that H∗(XW ,L
′
q) = H
∗+1(XW ,Lq)
and we generalize this relation to a partiular lass of algebrai om-
plexes. We remark that H∗(XW ,L
′
q) is equal to the ohomology with
trivial oeients A of the Milnor ber of the disriminant bundle of
the assoiated reetion group.
Introdution
Let W be a nite irreduible Coxeter group (with Coxeter system (W,S))
and let GW be the assoiated Artin group. Reall that if W =< s, s ∈ S |
(ss′)m(s,s
′) = e > is the standard presentation for the Coxeter group, then
the standard presentation for GW is given by
< gs, s ∈ S |
m(s,s′)terms︷ ︸︸ ︷
gsgs′gsgs′ · · · =
m(s,s′)terms︷ ︸︸ ︷
gs′gsgs′gs · · · for s 6= s
′,m(s, s′) 6= +∞ >
(see [2℄, [3℄ and [11℄). We all XW the lassifying spae for GW . Let A be
a ommutative unitary ring; we onsider a partiular loal system Lq over
XW with oeients the ring A[q, q
−1], where eah standard generator of
GW ats as q-multipliation. Moreover let L
′
q be the loal system whih is
onstruted in a similar way over the module A[[q, q−1]].
The ohomology groups H∗(XW ,L
′
q) have an interesting geometrial in-
terpretation, in fat they are equal to the ohomology groups (with trivial
oeients over the ring A) of the Milnor ber FW of the disriminant singu-
larity assoiated to W (see setion 2). From a straightforward appliation of
the Shapiro Lemma ([4℄) it is known that the homology groups H∗(XW ,Lq)
are equal to the homology groups of FW with oeients over the ring A (the
argument is the same as that used in [6℄ for the homology of arrangements
of hyperplanes).
The ohomology groups H∗(XW ,Lq) and H
∗(XW ,L
′
q) an be omputed
by means of an algebrai omplex desribed in [14℄; in this paper we show
(see equation (6)) that these groups oinide modulo an index shift, that is
H∗(XW ,L
′
q) = H
∗+1(XW ,Lq).
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As a onsequene we an use Lq to ompute H
∗(FW , A). In the speial ase
when A = Q, and so the ring A[q, q−1] is a PID, the equality has already
been observed ([7℄) by Corrado De Conini. We also give a generalization
of this fat, extending the result to a partiular lass of algebrai omplexes
inluding those desribed by Salvetti in [14℄.
In setion 1 we give a preise formulation of the laim in an algebrai form
and we give a proof of it by using spetral sequenes. In setion 2 we show
how the algebrai result applies to the ohomology of Artin groups.
1. Main theorem
Remark 1.1. Let (C1, d) be a graduated omplex and let C3 ⊂ C2 ⊂ C1
be inlusions of graduate omplexes. Denote by dij : Ci/Cj → Ci/Cj the
indued oboundary on the quotient omplex (1 ≤ i < j ≤ 3). There is an
obvious exat sequene of omplexes:
0→ C2/C3 →֒ C1/C3
pi
→ C1/C2 → 0
When d12 and d23 vanish (for example if the omplexes are trivial in all
degrees exept exatly one) we get thatH∗(C1/C2) = C1/C2 andH
∗(C2/C3)
= C2/C3, so the dierential H
∗(C1/C2) → H
∗(C2/C3) of the long exat
sequene assoiated to the above sequene gives a map
d : C1/C2 → C2/C3.
In the following we all this map indued dierential.
Let A be a ommutative unitary ring. In this setion we indiate by R =
A[q, q−1], the ring of Laurent polynomials with oeients in A and by M
the R-module A[[q, q−1]]. Let (C∗, d∗) be a graduate ohain omplex, with
C∗ an R-module and d∗ an R-linear map. We give the following reursive
denition:
Denition 1.2. The omplex (C∗, d∗) is alled well ltered if C∗ is a free
nitely generated R-module, C∗ 6= R and moreover, if C∗ 6= 0, the following
onditions are satised:
a) C∗ is a ltered omplex with a dereasing ltration F whih is ompati-
ble with the oboundary map d∗ and suh that F0C = C
∗
and Fn+1C = {0}
for an integer n > 0 ;
b) FnC = (FnC)
n ≃ Fn−1C/FnC = (Fn−1C/FnC)
n−1 ≃ R;
) the indued dierential d : Fn−1C/FnC → FnC/Fn+1C (following from
ondition (b) and Remark 1.1) orresponds to the multipliation by a non-
zero polynomial p ∈ R with rst and last non-zero oeients invertible in
A;
d) for all integer i 6= n − 1, n the indued omplex ((FiC/Fi+1C)
∗, d∗i ) is
a well ltered omplex.
In the following when we onsider a well ltered omplex we always sup-
pose to have also a ltration F as above. We write (C∗M , d
∗
M ) for the omplex
C∗ ⊗R M with the natural indued graduation and oboundary.
Theorem 1. Let (C∗, d∗) be a well ltered omplex. We have the following
isomorphism:
H∗+1(C∗) ≃ H∗(C∗M ).
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In order to proof this fat we need two preliminary lemmas.
As a rst step let us onsider the natural inlusion of R-modules R →֒M .
We have the short exat sequene of R-modules:
0→ R →֒M →M ′ → 0
where M ′ = M/R. We indiate by C ′∗ the omplex C∗ ⊗R M
′
and we
onsider the omplexes C∗, C∗M , C
′∗
. In a similar way we have the following
short exat sequene of R-modules:
0→ C∗
i
→֒ C∗M
pi
→ C ′
∗
→ 0.
Sine the maps i and π ommute with the oboundary maps, we atually
have a short exat sequene of omplexes. So we obtain the following long
exat sequene:
(∗)
· · ·
pi∗ // H i−1(C ′∗)
δ∗ //
δ∗ // H i(C∗)
i∗ // H i(C∗M )
pi∗ // H i(C ′∗)
δ∗ //
δ∗ // H i+1(C∗)
i∗ // · · ·
Lemma 1.3. Let (C∗, d∗) be a well ltered omplex. With the notation given
above we have:
H i(C ′
∗
) ≃ H i(C∗M )⊕H
i(C∗M )
Proof. The R-moduleM ′ splits into the sum of two modules in the following
way:
M ′ = M ′+ ⊕M
′
−
where M ′+ = M/(A[q][[q
−1]]),M ′− = M/(A[q
−1][[q]]). In a similar way we
get the splitting
C ′
∗
= C ′
∗
+ ⊕ C
′∗
−.
Moreover C ′∗+ and C
′∗
− are invariant for the oboundary indued by d
∗
, so
the ohomology also splits:
H∗(C ′
∗
) = H∗(C ′
∗
+)⊕H
∗(C ′
∗
−).
We want to show that the quotient projetion π+ : C
∗
M → C
′∗
+ indues
an isomorphism π∗+ in ohomology. We will prove this by indution on the
number of generators of C∗ as a free R-module.
If C∗ = {0} the assertion is obvious. Suppose that C∗ has m generators,
with m > 1. Then the omplexes ((FiC/Fi+1C)
∗, d∗i ) have a smaller number
of generators and for i 6= n − 1, n they are well ltered. Therefore we an
suppose by indution that the map πi+, dened analogously to π+, indues
an isomorphism in ohomology for all the omplexes ((FiC/Fi+1C)
∗, d∗i ),
i 6= n− 1, n, that is the map
πi
∗
+ : H
∗((FiC/Fi+1C)
∗ ⊗R M)→ H
∗((FiC/Fi+1C)
∗ ⊗R M
′
+)
is an isomorphism for suh i.
4 FILIPPO CALLEGARO
The ltration F on C∗ indues ltrations on C∗M and C
′∗
+ in the following
way: FiCM = FiC ⊗R M , FiC
′
+ = FiC ⊗R M
′
+. We have the following
natural isomorphisms:
(FiC/Fi+1C)
∗ ⊗R M ≃ (FiCM/Fi+1CM )
∗
(FiC/Fi+1C)
∗ ⊗R M
′
+ ≃ (FiC
′
+/Fi+1C
′
+)
∗.
Through these isomorphisms the maps
(FiCM/Fi+1CM )
∗ → (FiC
′
+/Fi+1C
′
+)
∗
indued by π+ orrespond to πi+ and hene indue an isomorphism in oho-
mology for i 6= n− 1, n.
Let us onsider the spetral sequenes Ei,jr and E
i,j
r assoiated to the
omplexes C∗M and C
′∗
+ with the respetive ltrations. We write π
∗
+ also for
the spetral sequenes homomorphism indued by π+. By the denition of
the ltration F we have that Ei,jr = E
i,j
r = 0 if i > n or if i = n, n − 1 and
j 6= 0. It is also lear that En−1,01 ≃ E
n,0
1 = M and E
n,0
1 ≃ E
n−1,0
1 = M
′
+.
For 0 ≤ i < n − 1 we get that Ei,j1 ≃ H
i+j(FiC
∗
M/Fi+1C
∗
M ) and E
i,j
1 ≃
H i+j(FiC
′∗
+/Fi+1C
′∗
+) therefore the indutive hypothesis gives that E
i,j
1 ≃
E
i,j
1 and the isomorphism between the terms of the spetral sequenes is given
by π∗+. Now onsider the maps d
n−1,0
1 : M → M and d
n−1,0
1 : M
′
+ → M
′
+.
By ondition () we have that these maps orrespond to the multipliation
by a non-zero polynomial p =
∑t
i=s biq
i
with bs, bt invertible elements of the
ring A. We an rewrite p as follows:
p = qsbs(1 + qp
′) = qtbt(1 + q
−1p′′)
with p′ ∈ A[q], p′′ ∈ A[q−1]. Now we an look at these elements in M :
p−1+ = q
−sb−1s
∞∑
i=0
(−qp′)i
p−1− = q
−tb−1t
∞∑
i=0
(−q−1p′′)i.
Let m ∈ M , m =
∑
i∈Z aiq
i
, we an write m = m+ + m−, with m+ =∑∞
i=0 aiq
i
and m− = m−m+. Notie that the produts p
−1
+ m+ and p
−1
− m−
are well dened and the following equality holds:
m = p(p−1+ m+ + p
−1
− m−).
It turns out that the map dn−1,01 : M →M is surjetive and the same holds,
when passing to the quotient, for the map d
n−1,0
1 : M+ →M+.
Let us suppose that an element m =
∑
i∈Z aiq
i
is in the kernel of dn−1,01 .
This means that pm = 0, that is for all integers k we have:
t∑
i=s
biak−i = 0
ON THE COHOMOLOGY OF ARTIN GROUPS IN LOCAL SYSTEMS 5
and so we obtain:
ak = −b
−1
s
t−s∑
i=1
bs+iak−i(1)
ak = −b
−1
t
t−s∑
i=1
bt−iak+i.(2)
Therefore if we know a sequene of t−s onseutive oeients of an element
m sent to zero by the multipliation by p we an use (1) and (2) to alulate
reursively all the other oeients, determining m ompletely. So we nd
a bijetion between ker dn−1,01 and ker d
n−1,0
1 . In fat, if m ∈M is suh that
pm = 0, then trivially also p[m]+ = 0 (we write [m]+ for the equivalene
lass of m in M ′+). Conversely if p[m]+ = 0 then we have pm = z, with
z ∈ A[q][[q−1]], that is z =
∑
i∈Z viq
i
with vi ∈ A and there exists an integer
l suh that vi = 0 for all i > l. We an dene reursively, for j ≥ 0, the
following elements:
a˜[−1]i = ai
a˜[j]i =
{
a˜[j − 1]i if i 6= l − t− j
−b−1t
∑t−s
k=1 bt−ka˜[j − 1]i+k if i = l − t− j
and
a˜i =
{
ai if i > l − t
a˜[l − t− i]i if i ≤ l − t
Notie that the oeients vi for i > h depend only on the oeients ai
for i > h − t, so if we write m˜ =
∑
i∈Z a˜iq
i
we have that pm˜ = 0 and
[m]+ = [m˜]+.
To sum up we have that the map π∗+ gives an isomorphism between the
terms Ei,j1 and E
i,j
1 for i < n − 1 and between ker d
n−1,0
1 and ker d
n−1,0
1 .
Moreover Ei,j2 = E
i,j
2 = 0 for i = n − 1 and j 6= 0 and for i > n − 1; π
∗
+
ommutes with the dierentials in the spetral sequenes (i. e. π∗+di = diπ
∗
+).
We remark that im dn−2,01 ⊂ ker d
n−1,0
1 and im d
n−2,0
1 ⊂ ker d
n−1,0
1 and so π
∗
+
indues an isomorphism between im dn−2,01 and im d
n−2,0
1 . This implies that
π∗+ gives the isomorphisms E
n−2,0
2 ≃ E
n−2,0
2 and E
n−1,0
2 ≃ E
n−1,0
2 . Then we
have a omplete isomorphism between E2 and E2 and so between E∞ and
E∞. It follows that π
∗
+ indues an isomorphism in ohomology.
It is lear that the same fat holds for the map π− : C
∗
M → C
′∗
− and so
Lemma is proved. 
We write Φ for the isomorphism built in the proof of the previous Lemma.
Lemma 1.4. In the exat sequene (∗) the map π∗ omposed with the iso-
morphism Φ orresponds to the diagonal map Σ:
H i(C∗M )
Σ
→֒ H i(C∗M )⊕H
i(C∗M ).
Proof. It is enough to notie that, making the identiation H∗(C ′∗) =
H∗(C ′∗+) ⊕ H
∗(C ′∗−), we have that π
∗ = (π∗+, π
∗
−) and so the statement
follows immediately. 
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Proof (of Theorem 1). First of all we notie that, being π∗ injetive, i∗
turns out to be the null map and δ∗ is surjetive. We all p1 : H
i(C∗M ) ⊕
H i(C∗M ) → H
i(C∗M ) the projetion on the rst omponent, p2 the proje-
tion on the seond omponent and i1 : H
i(C∗M ) →֒ H
i(C∗M ) ⊕H
i(C∗M ) the
inlusion dened by i1 : b 7→ (b, 0). Finally we dene α = δ
∗ ◦ Φ−1 ◦ i1. We
have the following diagram:
0 // H i(C∗M )

 Σ // H i(C∗M )⊕H
i(C∗M )
p1−p2
//
Φ
H i(C∗M )
i1
oo //
α

0
0 // H i(C∗M )
pi∗ // H i(C ′∗M )
δ∗ // H i+1(C∗) // 0
Clearly both the lines are exat. We want to show that the diagram om-
mutes. The ommutativity for the rst square follows by Lemma 1.4, so
it remains to prove that the seond square ommutes. A pair (a, b) ∈
H i(C∗M )⊕H
i(C∗M ) is sent, by the multipliation by p1−p2, into the element
a − b ∈ H i(C∗M ). Then we have i1(a − b) = (a − b, 0) and the dierene
(a, b) − (a − b, 0) = (b, b) is in the image of the map Σ. Therefore, beause
of the ommutativity of the rst square, the images of the pairs (a, b) and of
(a− b, 0) in H i(C ′∗M ) are taken into the same element by the map δ
∗
. So we
get the ommutativity of the diagram. The Theorem follows from the ve
lemma. 
2. Appliations
Let us onsider a nite set Γ endowed with a xed total ordering. We will
indiate by ∆ a generi subset of Γ. We also set again R = A[q, q−1], with
A a ommutative unitary ring. For every pair (∆, w) with ∆ ⊂ Γ, w ∈ Γ\∆
we assoiate a polynomial p∆,w(q, q
−1) ∈ R \ {0} suh that the rst and the
last non-zero oeients are invertible in A. Let also suppose that for every
pair (w,w′) with w 6= w′ and w,w′ ∈ Γ \∆ the following equation holds:
(3) p∆,w(q, q
−1)p∆∪{w},w′(q, q
−1) + p∆,w′(q, q
−1)p∆∪{w′},w(q, q
−1) = 0
Then we an onsider the omplex (C∗Γ, d
∗) dened as follows:
C∗Γ =
⊕
∆⊂Γ
R.e∆
d∗e∆ =
∑
w∈Γ\∆
p∆,w(q, q
−1)e∆∪{w}.
We remark that the relation (3) gives d∗2 = 0. We an also give a natural
graduation to C∗Γ by dening the degree of an element e∆ as the ardinality
of ∆, so we get a ohain omplex.
Without loss of generality we an think Γ = {1, . . . , n}. We introdue the
following notation: indiate by Γi and ∆i respetively the subsets {1, . . . , n−
i− 1} and {n− i+ 1, . . . , n}. We an lter the omplex C∗Γ in the following
way (see also [9℄): let FiCΓ be the subomplex generated by the elements
e∆, with ∆i ⊂ ∆.
We have the following result:
Theorem 2. With the ltration dened above the omplex (C∗Γ, d
∗) is well
ltered.
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Proof. We an prove this by indution on the ardinality of Γ. If Γ is empty
the Theorem is obvious. Therefore let us suppose that the Theorem holds
for all the omplexes made up from a set with less than n elements and we
prove it for a omplex C∗Γ, with Γ = {1, . . . , n}.
It is straightforward to see that F0CΓ = C
∗
Γ and Fn+1CΓ = {0}. Moreover
FnCΓ and Fn−1CΓ/FnCΓ are generated respetively by the elements eΓ and
e∆n−1 and they are both isomorphi to R. The indued dierential
d : Fn−1CΓ/FnCΓ → FnCΓ/Fn+1CΓ
orresponds to the multipliation by the polynomial p∆n−1,1(q, q
−1).
Finally the omplex ((FiCΓ/Fi+1CΓ)
∗, d∗i ) is isomorphi to the omplex
C∗Γi , where the oboundary is dened by the polynomials
p∆,j(q, q
−1) := p∆∪∆i,j(q, q
−1) for ∆ ⊂ Γi, j ∈ Γi \∆
and so it is well ltered by indution. 
Now we apply last result and Theorem 1 to the ohomology with loal
oeients of Artin groups. In [14℄ Salvetti proved that:
Theorem 3. Let W be a Coxeter group with generating set Γ with a xed
total ordering and let GW be the assoiated Artin group. Let R be a om-
mutative ring with unit and let q be a unit in R and let M be an R-module.
We write W∆(q) for the Poinaré polynomial of the subgroup of W generated
by ∆, with ∆ ⊂ Γ. Let Lq = Lq(XW ;M) be the loal system over GW with
oeients in M given by the map that sends every standard generator of
GW into the automorphism of M given by the multipliation by q. Then
H∗(GW ;Lq) ≃ H
∗(C∗)
where
Ck = {
∑
a∆e∆ | a∆ ∈M,∆ ⊂ Γ, |∆| = k}
and the oboundary is given by
δk(e∆) =
∑
j∈Γ\∆
(−1)σ(j,∆)
W∆∪{j}(−q)
W∆(−q)
e∆∪{j}
where σ(j,∆) = |{i ∈ ∆, i < j}|. 
Proposition 2.1. Let R = A[q, q−1] and M = R. Then the omplex C∗ in
Theorem 3 is well ltered.
Proof. In fat the polynomialWΓ(q) dividesWΓ′(q) when Γ ⊂ Γ
′
. Moreover
the polynomials WΓ(q) are produts of ylotomi polynomials (see [1℄), so
they have rst and last non-zero oeients equal to 1. By using Theorem
2 we an easily see that C∗ is well ltered. 
Now let W be a nite Coxeter group. We an think of W as a group
generated by orthogonal reetions in a real vetor spae V . Let H be the
arrangement of all the hyperplanes in V suh that the assoiated orthogonal
reetion is in W . We an onsider the omplexied spae V C and the
omplexied arrangement HC. For every hyperplane H ∈ HC we hose a
linear funtion lH suh that ker lH = H . The polynomial
δ =
∏
H∈HC
l2
H
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is alled the disriminant of the arrangement and it is invariant with respet
to the diagonal ation of W on V C. The spae
XW = (V C \ ∪H∈HH)/W
is a lassifying spae for the Artin group GW (see [11℄), and δ indues a
bering
δ′ : XW → C
∗.
The ber FW = δ
−1(1) is alled the Milnor ber of DW = (∪H∈HH)/W .
The assoiated homotopy exat sequene gives us that the FW is a lassi-
fying spae for the subgroup HW < GW , whih is the kernel of the natural
homomorphism
GW → Z
dened by sending eah standard generator to +1.
Now we set again R = A[q, q−1] and C∗ and let C∗M = C
∗ ⊗M be the
algebrai omplexes dened as in Theorem 3, over R or M = A[[q, q−1]]
respetively. Then (by denition) the following equality holds:
(4) H∗(FW ;A) = H
∗(HW ;A)
and the Shapiro Lemma (see [4℄) gives that
(5) H∗(HW ;A) = H
∗(GW ;Coind
GW
HW
A) = H∗(GW ;M) = H
∗(C∗M )
where the ation of GW over M is given by sending eah standard generator
into the multipliation by q. From Theorem 1 and the remark following
Theorem 3, we get that
(6) H∗(GW ,M) = H
∗+1(GW , R)
Using equalities (4), (5) and (6) we get immediately the following result:
Theorem 4. Let W be a nite irreduible Coxeter group and let
FW →֒XW
δ′
→ C∗
be the bration dened as before. Let R = A[q, q−1] be onsidered as a GW -
module with the ation dened before. Then the following equality holds:
H∗(FW ;A) = H
∗+1(GW ;R)

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